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Abstract 

A review of the parallel transport (translation) in fibre bundles is 
presented. The connections between transports along paths and paral¬ 
lel transports in fibre bundles are examined. It is proved that the latter 
ones are special cases of the former. 


1. INTRODUCTION 

In the work [1], we have considered certain aspects of the general theory of 
transports along paths in arbitrary fibre bundles without investigating its ties 
with the ones of parallel transports and connections, which is the aim of the 
present paper. 

Sect. 2 contains a review of the theory of parallel transports in fibre bundles 
adapted to suit our purposes. At first, are considered parallel transports gen¬ 
erated by connections, after which attention is paid to the axiomatic approach 
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to the concept of parallel transport. The main result of this paper, proved in 
Sect. 3, is that any parallel transport, axiomatically defined or generated by a 
connection, is a transport along paths satisfying certain additional conditions. 
Also some other ties between parallel transports and transports along paths are 
investigated. In Sect. 4 it is shown how linear transports along paths generated 
by derivations of tensor algebras [2] can be regarded as (axiomatically defined) 
parallel transports. 

In this paper, we shall use the following notation. 

By (E, 7r, B) we denote an arbitrary fibre bundle with a base B, bundle space 
E and projection 7r : E —> _B[25, 37,17]. The fibres n~ 1 (x),x G B are supposed 
to be homeomorphic. 

An arbitrary real interval and a path in B are denoted, respectively, by J 
and 7 : J —>B. If B is a manifold, the tangent to 7 vector field is written as dpt 7. 
The path 7: J —> E is a lifting of 7 : J —* B (resp. through u G tt - 1 (7(J))) if 
7r o 7 = 7(resp. and (J) 9 u). 

By M,T X (M) and M) we denote, respectively, a differentiable 

manifold, the tangent to it space at x G M, and the tangent bundle to M, T(M) := 

^xgmTx(M) . 

Now for reference purposes, we shall summarize a certain material from [1], 

A transport along paths I in (E, n, B) is a map I : 7 —► I 7 , where P : 

( s , t) —> s,t £ J in which the maps 

-C-t : 7r_1 (7( s )) -> 7b” 1 (7W), (1-1) 

satisfy the equalities (idx is the identity map of the set X ): 

It^r 0 -C-t = /7_> r , r,s,t£ J, (1.2) 

= id n -!(,(„)), s G J. (1.3) 

It is easily seen that 

(1-4) 

Important special classes of transports along paths are selected by one or both 
of the conditions 

rjd' t =i 2 ^ t . s ,t g j', ( 1 . 5 ) 

/rw r 7 (s) _ (t) , s,t£j" f (1.6) 

where 7 | J' is the restriction of 7 on the subinterval J' of J and r : J" —> J is 
one-to-one map from the interval J" C R onto J. 

As for the transports along paths the types of the intervals J, J' and J" are 
insignificant, in this work, for purposes which will be cleared up later, all real 
intervals are supposed to be closed, i.e. of type [a, b] for some a < 6, a, b G R. 

If the fibres 7r _1 (a;),a; G B are differentiable manifolds (e.g. when (E,tt,B) 
is smooth [40]), one can consider the class of smooth transports along paths 
obeying the condition 

I]^ t G Di//(7r“ 1 (7(s)),7r“ 1 (7(t))), s,t£j, (1.7) 
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where Diff(M, N) is the set of diffeomorphisms from the manifold M on the 
manifold N. 

Any path 7 : [0,1] —> B is called canonical (canonically defined). Its inverse 
path is 7 _ := 7 ot!, where t£ : [0,1] —> [0,1] is given by rl(s) := 1 — s, s G 
[0,1] [38,39]. The (canonical) product of the paths 71,72 : [0,1] —*■ B is the path 
7172 : [0,1] —> B such that ( 7 i 72 )(s) := 71 (2s) for s G [0,1/2] and ( 7172 X 5 ) = 
7 2 (2s — 1) for s G [1/2,1][38, 39]. 

2. REVIEW OF PARALLEL TRANSPORTS IN 
FIBRE BUNDLES 

This section contains a brief review of the concept ” parallel transport” in 
fibre bundles. It will be a basis for comparison of the parallel transport with 
the transports along paths studied in [1 — 3]. 

A common feature of most of the works [4, 5, 6 — 8,12,15 — 18, 21 — 35] dedi¬ 
cated to that problem is that in them as a basic object is taken the connection (in 
corresponding fibre bundles) and with its help the parallel transport is defined. 
In connection with this, one can distinguish the works [9 — 11,13,14,19, 20, 36] in 
which as an initial (axiomatically given) object one takes the parallel transport 
which, in its turn, defines (and sometimes is identified with) the connection. It 
has to be noted that in these works in contrast to our considerations in [1 — 3], 
main attention is paid to the dependence of the parallel transport on the curve 
(path) along which it is made. 

2.1. PARALLEL TRANSPORT IN DIFFERENTIABLE 
FIBRE BUNDLES ENDOWED WITH CONNECTION 

Let be locally trivial differentiable and smooth (of class C 1 ) fibre 

bundle [17,25,37]. The fibre 7r _1 (7r(u)) through u £ E is a manifold the tan¬ 
gent space of which at u is denoted by T£(E) :=:= T u ( 7r _1 (7r(u))). Evidently 
T”(E) C T U {E). By definition T£{E) consists of vertical vectors [5,25,38,40]. 

Definition 2.1(c/.[5,35,40,41]).A connection (of general form) in (E, 7 r, B) 
is a smooth (of class C 1 ) dim(R)-dimensional distribution T h (E) : E —> T(E) 
such that the image T h {E) : u —> T%(E) of u G E lies in T U (E) and is a direct 
complement of T£(E) in T U (E), i.e. 

Tu(E) ®T£(E) := T U (E), (2.1) 

where © is the direct sum sign. By definition T^{E) consists of horizontal (with 
respect to the connection T h (E)) vectors. 

Definition 2.2 (cf. [5,21,35,40,41]). The smooth (C 1 ) path 7 : J —> E is 
horizontal (with respect to the connection T h (E)) if its tangent vector field 7 
is horizontal, i.e. if 7 (s) G Tjf^(E). 

Remark. In this definition and below we speak about smooth (or differ¬ 
entiable), of class C ' 1 , paths as the corresponding generalizations for partially 
smooth paths are trivial. 
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Definition 2.3(c/.[5, 21,35,40,41]). The lift 7 —► 7 : J -> P of 7 : J —► 
P, (resp. through u £ E) is horizontal (with respect to the connection T h (E)) 
if 7 is a horizontal path (resp. through u). 

For defining the concept "parallel transport” in differentiable fibre bundles, 
of primary importance is, the question of the existence of a unique horizontal 
lift of a given path from the base in the total space of the fibre bundle through 
any point above it. As has been pointed out in [40], p. 607, lemma 2, a sufficient 
condition for this is the fibre 7 r _ 1 ( 6 ) for some b £ B to be a compact manifold. 
(Because of the local triviality, if this is so for some b £ B, the above property 
will be valid also for every b £B.) The existence and uniqueness of the lifting 
mentioned are automatically fulfilled in principal fibre bundles (G-fibre bundles) 
[5,35,40,41] where they are assured from the additional requirement for the 
connection (called often aG-connection) to be invariant under the action of the 
structure group G of the principal fibre bundle. (More strictly, if R g : E —> E 
is the right action generated from g £ G, then the connection T h (P) of the 
principal fibre bundle (P, 7 r, P, G) is defined by the following three conditions: 
1°.T„(P) © T^(P) = T u (P),u £ P;2°.T^(P) must depend differentiably on 
u £ P;3°.P s *P£(P) = (P), where P 9 *is the differential of R g [5, 10,40].) 

Another case for the existence of a unique horizontal lift of any path from the 
bases through every lying above it point is when the fibres of the fibre bundle 
are discrete (see [17],pp.75 — 76 and [38], chapter III, lemma 15.1). The above 
pointed problem is considered from a general point of view in chapter III of the 
book [38] (see e.g. sections 12,13,15, and 16 from it), where, in particular, are 
given the corresponding necessary and sufficient conditions for the existence of 
(maybe unique) lift of the pointed above form. 

Let there be given a smooth fibre bundle (P, 7 r, P) with connection T h (E) 
such that for every G 1 path 7 : J —> P and every point u £ 7 r _ 1 ( 7 (J)) there 
exists a unique horizontal lift 7 —> 7 „of 7 through it, i.e. 7 „ : J —■» P, ir o 7 „ = 
7 , u £ 7 „( J) and u(s) € T^ u (P), s £ J. (We will note that this assumption for the 
connection, without being mentioned, is unexplicitly used in the considerations 
in sections 1 and 2 of [9].) Let J = [a, b], a <b. Let us note that the considered 
below connections (and parallel transports) will be of Ehresmann’s type (see 
[25], vol. 1, p. 314). 

Definition 2.4(c/.[5, 7,15 — 18, 21 — 25, 35,40 — 42]). The parallel transport 
(generated by T h {E)) of the fibre 7 r _ 1 ( 7 (a)) onto the fibre 7 t _ 1 ( 7 ( 6 )) along the 
path 7 : [a, b] —> P is a diffeomorphism 

<p 7 : 7 T _1 ( 7 (a)) ^ ir -1 ( 7 ( 6 )), ( 2 . 2 ) 

such that if u £ 7 r _ 1 ( 7 (a)), then ipj : u —> <p-y(u) := 7 u (b), where 7 „ : [a, b] —» E 
is the unique horizontal lift of 7 in E through u. 

Definition 2.5(c/.[5, 9,40]). The parallel transport defined by the connec¬ 
tion T h (E) is a map ip from the set of G 1 paths in the base P into the group 
Morf(P, 7 r, P) of the bundle morphisms of (P, 7 r, P), such that if 7 : [a, b] -4 P, 
then ip : 7 —> </? 7 GGDiff( 7 r _ 1 ( 7 (a)), 7 r _ 1 ( 7 ( 6 ))), i.e. the image (/? 7 is the de¬ 
fined by T h (E) parallel transport along 7 , which is an element of the group 
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Diff( 7 r 1 ( 7 (a)), 7 r 1 ( 7 (&))) of difFeomorphisms between the fibres 7 r 1 ( 7 (a)) and 

7 r- 1 (7(&)). 

Proposition 2.1. The parallel transport tp has the following three basic 
properties: 

a) Invariance under orientation preserving parameter changes, i.e. if 7 : 
[a, 6 ] —> B and r : [c, d\ —> [a,b\,c < d,a < b is an orientation preserving 
diffeomorphism, then 

^70r = ^ 7 * ( 2 -^) 

b) If 7 _ : [0,1] —> B is the (canonical) inverse to 7 : [0,1] —> B path, i.e. 
7 _(s) = 7(1 — s), s £ [ 0 , 1 ], then 

W 1 _=(y 1 )~ 1 . ( 2 - 4 ) 

c) If 71,72 : [0,1] —» £?, 7 i( 1 ) = 72 ( 0 ) and 7 i 72 is the (canonical) product of 
7 iand 72 (see Sect. 1), then 

^71=^72° <P 7 i- ( 2 - 5 ) 

Remark. Because of (2.3) it is enough to consider (2.4) and (2.5), as well as 
any other property of the parallel transport, only for canonically defined paths 
in spite of the fact that they are valid also for arbitrary ones. 

Proof. The proof of this proposition can be found, for example, in [5, 7 — 
10,13,14,18,40] .■ 

Here we shall drop the generality of the above considerations and till the 
end of the present section we will deal with the specific case of principal fibre 
bundles [5,15, 21 — 24]. 

At first, let us note that in principal fibre bundles the parallel transport 
<p 7 along 7 commutes with the right action R g , g £ G of the structure group G 
on the total space of the fibre bundle [8,15], i.e. <^ 7 o R g = R g o Lp 1 for arbitrary 
path 7 and every g eG. 

On the other hand, in these fibre bundles the parallel transport can be 
defined uniquely also by the right action of G(see e.g. [40], p. 632, theorem 
1 and [9]). In fact, let 7 : [a, 5] —■> B and u £ 7 r - 1 ( 7 (a)). Then, due to the 
local triviality of (5, 77 5)(see e.g. [43], p. 48), there exist a neighborhood U 
of 7 (a) = 7 t(u) and a diffeomorphism i\) : 7r _1 (C/) —> UG,i/j(u) := ( 7 t(m), x(u)), 
where \ '■ 7T ^ 1 {U) —> G is right invariant, i.e. x(Rg u ) = i)g,g £ G, and hence 

(Rg o^- 1 )(tt(u),x(w)) = RgU = il}~ 1 {n(R g u),x(R g u)) = V’ _1 (7r(M),x(w)ff). 

Denoting by e the unit of G , we find: 

V-t(u) = (y> 7 o ' 0 _1 )( 7 (a), x(u)) = (<£7 o V^XtO). e*(u)) 

= ( < f , 7 oi? xO)°V’ _1 )(7(a).e) = (R x{u) o^o^ 1 )(^(a), e) = (5 X („)°V’ _ 1 )( 7(^,7 )> 

where in the last equality we have used the fact that (<p 7 o ip~ 1 )( 7 (a), e) £ 
7 r ” 1 ( 7 ( 6 )) and consequently there exists a unique g 1 £ G, which does not de¬ 
pend on u and is such that (<p 7 o^ 1 )( 7 (a),e) = V ,_ 1 (7(^), < 77 )• So, in prin¬ 
cipal fibre bundles the parallel transport <p 7 along 7 is given by the equality 
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Py{u) = ( R x ( u ) 0 4’ 1 ){'l0 :> )i 9j)- Hence, the definition of a parallel transport p 
is equivalent to the definition of a map g: 7 i—> <? 7 from the set of C 1 paths in B 
onto G such that : 7 —> g 1 . 

Proposition 2.2. The map g : 7 — ► g 7 has the properties: 

g^yor — gy> ( 2 . 6 ) 

5 7 - = (St)" 1 , (2-7) 

37172 = 37 i 372) (2-8) 

where 7 , r, 7 _, 71 , 72 , and 7172 are defined in proposition 2 . 1 . 

Proof. The equalities (2.6) — (2.8) follow from the definition of 7 and, re¬ 
spectively, the equalities (2.3) — (2.5 ).b 

Let us note that in some works, e.g. in [11,17,19,26,36,40], the third property 
of a parallel transport is expressed not through the equality (2.5), but by 

(£> 7 172 = </?7i O <p 72 , (2.5 ) 

which, generally, is not true when using the accepted by us notions: as <p 7 acts 
on the left, then (2.5) is valid but not (2.5 ). For (2.5 ) to be valid, as pointed 
out in [17], p. 76, one has to change the orientations of 71 , 72 , and 7172 ; in fact, 
from (2.5) and (2.4) it follows that 

V?( 7172 )- = (T^iT 1 = O72 = 0 7 i) _1 0 (^r 1 = <P( 7 l)- ° 3 >(72)-> 

i.e. 

^(7172)- = V ? ( 7 i)_ 0 ¥>(<»)-■ ( 2 - 9 ) 

So, if we make the change p 1 —► p 1 _ = ((^ 7 ) _1 , (2.5') will be valid but not (2.5). 
Such is the case, for instance, in the works [10,11,19, 20] in which the parallel 
transport is defined as the map p' : 7 —> <p := : 7 r - 1 ( 7 ( 6 )) —> 7 r^ 1 ( 7 (a)), for 

which, due to (2.9), (2.5') is true. 

As regards the property (2.8) (in principal fibre bundles) in its right hand 
side the terms are written in a needed order as 7 acts on the right but not from 
the left as <p 7 . 

At the end of this section, we shall stress the fact that the properties 
(2.3) — (2.5) of the parallel transport p express their dependence on the curve 
of transport. From this viewpoint, there naturally arises the question of the 
’’continuity” or ’’differentiability” (the ’’smoothness”) of that dependence. The 
author knows two approaches to that problem. First, in the set of smooth (of 
class C 1 ) paths a topology is introduced (see e.g. [14] and [38], p. 104) which, 
in particular, may be generated by some metric (for a case of closed paths see 
[13]), which is used to study the smoothness of the map p : 7 —> p-y. And 
second, a (generally multidimensional) smooth deformation of 7 is made and 
the dependence of (/? 7 on that deformation [9] is investigated, i.e. the class of 
homotopic with 7 paths connecting 7 (a) and 7 (b) is considered and the depen¬ 
dence of a parallel transport along these paths on the parameters of the used 
homotopy is investigated [38]. 
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2.2. AXIOMATIC APPROACH TO THE PARALLEL 
TRANSPORT IN LOCALLY TRIVIAL FIBRE BUNDLES 

The axiomatic definition of a parallel transport in locally trivial fibre bundles 
is based on the idea of a (diffeomorphic) mapping of the fibres of a given fibre 
bundle one onto another. More precisely, in the known to the author literature 
[9 — 11,19,20,36,39,40] in which this question is set, it is put in the following 
way. Let (E,n,B) be a locally trivial fibre bundle and 27 , 2:2 SB. To any path 
7 : J —» where J = [a, b], in the base B connecting 27 and X 2 , he. for which 
7 (a) = 27 and 7(6) = X 2 ,a map (diffeomorphism)</? 7 : 7T _1 (27) —► tt~ 1 (x 2 ) is 
put into correspondence and the dependence of y> 7 on 7 is axiomatically defined. 
Namely, on <^ 7 are imposed two kinds of restrictions. Firstly, these are condi¬ 
tions of a functional type defining the ’’change” of y 7 when with the path 7 
some operation is made (e.g. changing its orientation or its representation as a 
product of other paths). Secondly, in an appropriate way the ’’smoothness” of 
the map 7 — + 77, (conditions for smoothness) is defined. We shall note that the 
defined in this way parallel transport is sometimes called a global or an integral 
connection in the fibre bundle [9,19]. 

A scheme for solving the stated above problem for an axiomatic definition of 
the parallel transport in locally trivial fibre bundles has been introduced, maybe 
for the first time, in the work [19], after which, with little changes (following 
the context or using some features in different special cases (e.g. in principal or 
homogeneous (associated) fibre bundles)), it is repeated in other publications of 
the same author [10,11,36]. 

The above question, but in the ’’infinitesimal” case (the points 27 and 27 are 
infinitely near in a coordinate sense), is investigated in the works of G.F. Laptev 
(see [20] and the given therein references of the printed works of G.F. Laptev). 

Ref. [9] contains a more general consideration of the problem, which is anal¬ 
ogous to the one of Subsect. 2.1, but in [9]a more general concept for connection 
(’’infinitesimal nonlinear” connection) is used which is due to the replacement 
of the tangent spaces to the corresponding manifolds with the Grassmanian 
manifolds consisting of their one dimensional (linear) subspaces. 

In [40], part II, sect. 24 the above question is described but, in fact, only a 
construction of a parallel transport by the method described in Subsect. 2.1 is 
made. 

In the above sense, the defined in [39], sect. 3.2 transport along paths in 
an assembly of groups (a (flat) topological fibre bundle, the fibres of which are 
groups) is also a parallel transport. 

Form here till the end of the present subsection we shall make comments 
on the axiomatic definition of the parallel transport in the mentioned above 
references and, in connection with our purposes attention will be paid mainly 
to the conditions of functional character. 

Before going on, let us note that in the cited literature instead of an arbitrary 
closed interval J = [a, 6] the unit interval I = [0,1] is used, i.e. I = J | a= o,&=i. 
This is not important because of the invariance of the parallel transport under 
orientation preserving changes of the parameter of the paths along which it acts 
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(see below eg.(2.11)). 

Let (E,ir,B) be a locally trivial smooth fibre bundle, J = [a,b],xi,X 2 G 
1?,7 : J — y B be aCTpath, 7(a) = aqand 7(6) = X 2 ■ The parallel transport in 
(E, 7r, B) is a map 7) from the set of C 1 paths in the base B[38] onto the group 
Morf(U, 7r, B) of bundle morphisms of (E, 7r, B) [17, 22, 25], such that 

<f : 7 -> <P 7 € ^(7(&)))• (2-10) 

The first group of restrictions imposed on y> 7 usually, contains (2.3) — (2.5), i.e. 
it is wanted that 

^ 7 OT (2.11) 

¥> 7 - = (^ 7 )”\ (2.12) 

¥ ) 7 i = ^72 0 Vb'n (2.13) 

where 7, r, 71,72 and 7172 are defined in proposition 2.1. 

The conditions (2.11) — (2.13), which generally are independent, are postu¬ 
lated, for example, in [10,11,19,36], where instead of p^cr 1 := T(y) := <^ 7 _is 
used, as a consequence of which (2.13) is written in the form (2.5 ) (with 
cr 7 instead of p 1: and, besides, the paths 7 and 7' := 70 r are called equiv¬ 
alent, which is denoted by 7 ~ 7', and (2.11) is written as u 7 = er 7 for 7 ~ 7'). 

In [40] the restrictions (2.11) — (2.13) are mentioned but, in fact, they are 
not used for an axiomatic construction of parallel transports. 

In [9], attention is paid uniquely to the condition (2.13) which taken together 
with the corresponding condition for smoothness defines therein p as an integral 
connection of the fibre bundle. As in this work the full proofs of the stated there 
propositions are not given, part of which are not correct (e.g. the existence of a 
unique lift is supposed (see Subsect. 2.1); something which generally is not true 
(see e.g. [38,40])), the author of the present text was not able to re-establish 
them to an end, so it is not clear whether (2.11), (2.12) or some other restrictions 
on p are used unexplicitly in [26]. 

Usually, as a consequence of other restrictions (resp. independently) (see 
e.g. [11,19, 20 ])t> satisfies (resp. on p is imposed) the restriction 

^ 7a = > 7a : {«} ->• {uj, x a € B, a G R, (2.14) 

i.e. to the degenerated into a point path there corresponds (resp. to correspond) 
the identity map of the fibre over that point. 

For example, in [11,19]7* = 7 [0, t\, t G [0,1] is put to be the restriction of 7 
on [0, t] C [0,1] and it is required that i op lt =id - 1 (7(0)) (a functional condition) 
and that the principal part of the deviation of tp 7( from id - 1 (7(0)) should depend 
smoothly on 7*and t (condition for smoothness) from where, evidently, follows 
(2.14). On the contrary, if (2.14) is taken as a base, then the first of these 
restrictions will be a consequence from the condition for smoothness (which, in 
fact, needs a concrete and strict formulation (c/.[9])). 

Definition 2.6. The map p : 7 —> y> 7 , where </? 7 satisfies (2.10) — (2.14), is 
called an axiomatically defined parallel transport. 



Remark. In [40], p. 608, <p is called an abstract connection. 

From the described here approach to the parallel transport a little aside are 
the investigations of G.F. Laptev (see [20] and the references in it) due to their 
coordinate and local (or strictly - infinitesimal) character. As a consequence of 
this, the functional conditions and the conditions for smoothness (differentiabil¬ 
ity) of a parallel transport are given in a unified way (see [20], p. 46 — 47), not 
sharply separately as in our text or in [9]. From the above conditions in [20], p. 
47 (see therein condition c)) only (2.14) is given, but (2.11) — (2.13) therein are 
a consequence from the explicit coordinate and infinitesimal form of a parallel 
transport. Besides, in [20]y> 7 _is used instead of ip~,. 

As has already been said above, the second group of restrictions imposed on 
the map (2.1) are the conditions for smoothness. They are defined p : 7 —> p 1 as 
a continuous or differentiable (from some class C k , k = 1,. .., 00, oj) function of 
7- 

In the approach used in [20] these conditions are reduced to the requirement 
for analyticity of the principal linear part of an explicit coordinate expression 
for the transport from the final point of a transport (see [20], p. 47, condition 
d)). 

In the works of U.G. Lumiste [10,11,19,36] the question of smoothness of 
ip : 7 —► </? 7 is, in fact, replaced with the requirement for continuous differentia¬ 
bility (smoothness) of the map t —> p lt ,t € [0,1],7* := 7 | [0,f] with, maybe, 
some modifications depending on the concrete case under consideration, as is, 
for example, in [36], p.206, condition <t 3 where the concrete properties of the 
homogeneous fibre bundles are used. This condition for smoothness may be 
put in the first of the types described at the end of Subsect. 2.1 as it uses the 
topology of the real line (instead of the one in the set of smooth paths in B). 

We shall especially mention the work [9] where the important role of the 
conditions for smoothness is stressed and they themselves, in the considered 
there cases, are formulated strictly and clearly. 

At the end of this section we shall only mention that there also exist a third 
group of conditions which sometimes are imposed on the map (2.1) and which 
are connected with the concrete structure of the investigated fibre bundles. They 
usually define the ’’intercommunications” of the map (2.1) with the (structural) 
group of transformations acting in the fibre bundle. Typical examples of this are 
the conditions < 7 2 and cr4 from [36], p. 205 — 206 which concern homogeneous 
fibre bundles and the condition p 1 o R g = R g o ip 7 for commutation of 77, with 
the right action R gi g G G of the structure group G in the case of principal fibre 
bundles [8,15]. 

3. THE AXIOMATICALLY DEFINED PARALLEL TRANSPORT 
AS A SPECIAL CASE OF TRANSPORTS ALONG PATHS 

Before comparing a parallel transport with transport along paths we have 
to note the following. The axiomatically defined parallel transport is considered 
usually, along canonically given paths 7 : [0,1] —> B , which is significant when 
defining explicitly the canonically inverse path 7_and the canonical product of 
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two paths (see Sect. 1 and [1], Sect. 3). Because of the invariance under pa¬ 
rameter changes of the parallel transport (see Subsect. 2.2), this restriction is 
not essential and it is a question of convenience and easiness in the correspond¬ 
ing investigations. This circumstance shows that the parallel transport must 
be compared not with the general transport along arbitrary paths, but with 
transports I 1 along the 7 : J —> B, where J is a closed interval, i.e. J = [a, b\. 
The importance of this restriction comes from the fact that, in the general case, 
the transports along paths are not invariant under parameter changes, i.e. they 
do not satisfy ( 1 . 6 ), so they can explicitly depend on the path of transport. 

Let I be a transport along paths in the fibre bundle ( E , 77 B ) and 7 : 
[a, b] —>B. To I we assign a map ip : 7 —> cp 7 , defined by 

¥>7 : = C-6 : ^(tO)) (&))• (3-1) 

Lemma 3.1. If J 7 is a transport along 7 satisfying additional conditions 

(1.5) and (1.6), then the map <p : 7 —> defined by (3.1) satisfies the equalities 

(2.11) - (2.13) and 

Is —-'t ^P'yOT^ ° (^ 7 OT^) 1 ^5 ^ ^ J [^5 (3-2) 

where r/ : [a, b] —► [a, s], s £ [a, b] are for s > a arbitrary orientation preserving 
diffeomorphisms depending on 7 through the interval J. 

Proof. Firstly, we shall prove equality (3.2). Using sequentially (1.2), (1.4), 

(1.5) , (1.6) and (3.1), we get: 



The property (2.11) follows from the equality (1.6): if r : [c,d] — > [a, 6 ] is an 
orientation preserving diffeomorphism, which, in particular, means r(c) = a and 
r(d) = b, then from (1.6) and (3.1), we get ip 10T = T^ d = // (c) _ T(d) = = 

Vt 

The property (2.12) is a consequence of (1.6) in which, because of 7 _ := 
7 0 rf .,7 : [0,1] —► B , we have to put r = ri(see Sect. 1). Under these 
assumptions, from (3.1), (1.6) and (1.4) we get 

< / J 7- = ^0-^1 = = Il^o = (^ 7 ) 1 - 


The property (2.13) is a consequence of [1], proposition 3.4 (see therein 
eg.(3.4)) in the case of a canonical choice of a parameter x, he. (see Sect. 1 
and [1]) for \ = X° ; = (0,1,1/2; rf, r|) with rf : s —> 2s, s G [0,1/2] and 
: s —*> 2s — 1, s € [1/2,1].(It should be noted that the proof of proposition 3.4 
of [1] essentially uses the condition (1.5).) Then, from (3.1) and eg.(3.4) from 
[ 1 ], we get 


‘Pjl — — ^0—>T 2 0 ItI — 1^1 0 — ¥>72 0 ‘P'Yi 5 
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with 7172 := (7172) x ,*« 

Lemma 3.2. The defined by (3.1) map <p : 7 —> tp 7 for any transport along 
paths I has the property (2.14). 

Proof. If 7 a : {a} —► {:r a }, x a £ B, a € R, then from (3.1) and (1.3), we get 

¥> 7 « = = id K~\* •" 

Theorem 3.1. If I is a smooth transport along paths, i.e. 

-C-6 G ^//(tt -1 (7(a)), 71-' 1 (7(6))), 7 : J-> 5, J = [a,b], (3.3) 

having the properties (1.5) and (1.6), then the defined by (3.1) map ip : 7 —> y> 7 is 
an axiomatically defined parallel transport. Vice versa, if tp is an axiomatically 
defined parallel transport, then the map (3.2), in which r/ : J —> [a, s],s £ J 
are arbitrary orientation preserving diffeomorphisms and 7 : J B 1 defines 
a smooth transport along paths I : 7 —> 7 7 ,/ 7 : (s,t) —> satisfying the 

additional conditions (1.5) and (1.6). 

Remark. If ip is an axiomatically defined parallel transport, then, because 
of the properties of r/,s G J, we can replace in (2.11)7 with 7 | [a, s] and 
put in it r = r/. In this way, we obtain </> 7 |r a>s i = P^\[ a ,s\)oT J = ^ 7 oT jas 
(7 | [a,s])or/ = 70 r/. Therefore, (3.2) is now equivalent to 

-CLt = V-rl[«,t] 0 (^ 7 |[o, a ]) _1 ,s,i e J = [a,b]. (3.4) 

Proof. The first part of the theorem is a consequence of lemmas 3.1 and 
3.2, definition 2.6 and the fact that now (2.10) is, due to (3.1), another form of 
(3-3). 

On the contrary, let <p be an axiomatically defined parallel transport (see 
definition 2.6). 

If in theorem 3.1 of [1], we put Q = TT~ 1 ('y(a)) and F'f == <p 10T j : 
ti-- 1 (7 (s)) —> 7r^ 1 (7(o))(r/(a) = a,r/(6) = s), we see that the map (3.2) is a 
transport along 7 from s to t. So, / : 7 —> 7 7 , where 1 7 : (s,t) —> is a 

transport along paths. 

The smoothness condition (3.3) follows from (2.10) and (3.2). 

To prove the equalities (1.5) and (1.6) for the transport along paths I, we 
shall use the following lemma which will be proved below after this proof. 

Lemma 3.3. If ip is an axiomatically defined parallel transport, then the 
maps (3.4) (or equivalently (3.2)) admit the representation 


— (^ 7 | [min(s,t),max(s,t)]) ^ ^ 


/ Vyl [s,t] 

*- VyllM] 


for s <t 
for s>t, 


(3.5) 


where e(s,t) := +1 for s < t and e(s,t) := —1 for s > t(or s > t). 

From (3.5), because of (7 | J') \ J' = 7 | J' for any subinterval J' C J, it 
immediately follows 


j'y _ J-7I[min(s,i),max(s,£)] 

— ^s—>t 


(3.6) 


which by [1], proposition 2.3 is equivalent to (1.5). 
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If r : J" —> J is an orientation preserving diffeomorphism, then (70 r) 
[r, s] = (7 | [r(?’),r(s)] o r for every r,s £ J" such that r <s. Combining this 
equality with (3.5), letting s,t £ J", A := min(s,t) and p :=:= max(s,t), and 
using ( 2 . 11 ), we get: 

= (^( 70 T)|[A,H) £(S,t) = (^( 7 |[r(A) > r(p)])oT) e(S ’ t) 


— ( < ^(7|[r(A),r(/i)])) ^ ^ ( ( / ? (7|[r(A),r(/i)])) ^ ( ( ^ P 


(s) > t (£) 


as r < s leads to r(r) < r(s), r, s £ J" u 
The proof of lemma 3.3 is based on 

Lemma 3.4. If p is an axiomatically defined parallel transport and 7 : J 
B , then 


<p 7 |[a,t] 0 ^ 7 |[r,s] = <P 7 |M» for r < s <t, r,s,t £ J. (3.7) 

Proof. Let n : [0,1] —+ [r, s] and 72 : [0,1] —> [s, t] be orientation preserving 
diffeomorphisms. Evidently, also such is the map r : [0,1] —> [r,t], defined by 
r(A) := n(2A) for A £ [0,1/2] and r(A) := r 2 (2A — 1) for A £ [1/2,1], Using 
(2.11), the definition of the (canonical) product of paths (see Sect. 1), and 
(2.13), we find: 


V^7|[s,i] 0 'T'7 1 [r.s] — ^P'yori 0 ^707-2 — : 'P (7OT1 — ^70r — tU | [r,t] 

Proof of lemma 3.3. Combining (3.7) and (3.4) for a < s < t < b, we get 

Is —>t = l P'y\[a,t] 0 ( ( ^ 7 |[o,«]) = ^ 7 |[s,t] 0 ( / ? 7|[a,s] 0 (^7|[a,s]) = <P-y\ [s,t] 

and for a < t < s < b, we obtain 

= V , 7 |[a,t] ° (¥ , 7|[a,s]) = V ? 7|[a.,i] ° (V , 7|[t,s] ° V7|[a,t]) = ( t ^ 7 7|[*,s]) ■ 

Theorem 3.1 is a strict expression of the statement that the axiomatically 
defined parallel transport is a special case of tran sports along paths in fibre 
bundles, and that any transport along paths satisfying certain additional condi¬ 
tions, namely (1.5) and (1.6), defines an axiomatically defined parallel transport. 
This theorem also expresses a one-to-one correspondence between axiorna tically 
defined parallel transports and transports along paths obeying the conditions 
(1.5) and (1.6). Speaking more freely, we can say that according to it a trans¬ 
port along paths is an axiorna tically defined parallel transport if and only if it 
satisfies the additional conditions (1.5) and (1.6). 

Proposition 3.1. If a transport along paths I (resp. axiomatically defined 
parallel transport p) defines through (3.1) (resp. (3.2)) the axiomatically de¬ 
fined parallel transport (/?(resp. transport along paths I), then the generated by 
<p(resp. I) by means of (3.2) (resp. (3.1)) transport along paths (resp. axiomat¬ 
ically defined parallel transport) coincides with the initial transport along paths 
I (resp. the axiomatically defined parallel transport p). 
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Proof. Let '/(resp. V) be the generated by <^(resp. I) transport along 
paths (resp. axiomatically defined parallel transport). Using (3.1) and (3.2), 
we find 




r 7°T7 

= I' f O 


(cJ)' 

oP = P 
8 - 

(resp. V 7 = b = VW 0 <PZLj = Vi= ipj).m 


t V’jo r/ 0 ‘Ayor/ J a—*6 

= i 7 o r 7 = p 

r t ( a )—* r /U) r i( b )-> T i( a ) a ^ t 


4. THE GENERATED BY DERIVATIONS OF 
TENSOR ALGEBRAS TRANSPORTS ALONG PATHS AS 
PARALLEL TRANSPORTS IN TENSOR BUNDLES 

In this section, by ?; we denote a C 1 path in the manifold M such that 
77 : [a, 6] —> M for a definite a < b,a,b £ R. 

Let S' be an S-transport along paths (in the tensor algebra over M)[ 2]. 

Definition 4.1. The S-parallel transport associated with the S-transport 
S is a map from the set of C 1 paths in M into the set of bundle morphisms of 
the tensor bundles over these paths such that 

if : 77 -> ( fir , := S^ b : T v{a) (M) —> T v{b) (M), a < b, (4.1) 

where T X (M) is the tensor algebra at x SM. The map ip v will be called an S- 
parallel transport along (the path)?;. 

Lemma 4.1. If <p is the S-parallel transport generated by an S-transport 
S, 7 : J —► M and s,t £ J, then 

o 7 _ f ‘Pv V = l\ [M] fors<t , 

s ^ 4 t (p I y 1 V = 'l\[t,s] for t < s 

Proof. (4.2) follows from (4.1) and (1.4), as any S-transport has this prop¬ 
erty (see [2],eg.(2.10) and also [3], Sect. 2).u 

Between the S-transports and S-parallel transports there exists one impor¬ 
tant difference. Namely, the S-transport along 7 : J —> M does not use the 
natural order of the real numbers which defines a definite orientation on the 
interval J, while in the definition (4.1) of an S-parallel transport this order is 
used explicitly (a < b). The last fact is the reason for the appearance of two 
different cases (s < t and s > t) in (4.2). This fact also reflects the difference 
between (1.6) (or (4.4)) and (4.5) (see below proposition 4.2). 

Proposition 4.1. If ?; 0 : {a} —> {m a },a £ R and ?n 0 £ M, then 

<P Va = (4.3) 

Proof. (4.3) follows directly from (4.1) for b = a and (1.3) (see also [2], 
definition 2.1 ).b 

Proposition 4.2. Let ?y : [a, b] — > M,t : [a',b'] —> [a, b] be a diffeomor- 
phism and the S-transport S’ 7 along ?; be invariant under the change r of the 
parameterization of 77, i.e. (c/.(1.6)) 

= S 7 , HT(t) , s,t£[a\b']. (4.4) 


13 



Then, for the 5-parallel transport <p, corresponding to 5, there holds 
^o T = V v , for t{ci') = a, (4.5a) 

^ot = (<P V )~ 1 , for r(a') = 6, (4.56) 

i.e. the 5-parallel transport is invariant under orientation preserving change of 
the parameterization (case (4.5a)), but when this change does not preserve the 
orientation it is replaced by its inverse map (case (4.5b)). 

Proof. Using successively (4.1), (4.4) and (4.2) for 7 = 77, we find 

_ ovor _ or, _ f (y>n f° r T (°') < T 0') 

- o a ,^ v - *T(a')^T(b') ~ { (^)-i f or T ( a ') > r (6'), 

which, due to that r is a diffeomorphism, is equivalent to (4.5 ).b 

Proposition 4.3. Let ?y_ := 77 o be the canonically inverse path to 77 : 
[a, 6] —> Af, i.e. rf. : [a, 6] —> [a, 6],rf.(s) := a + 6 — s,s € [a,6](c/. Sect. 1 and 
[38,39]). If (4.4) holds for changing the orientation maps r for some 5-transport, 
then for the corresponding to it 5-parallel transport <p there holds the equality 

‘fin- = Ofo,) -1 - ( 4 - 6 ) 

Proof. This result is a corollary from (4.1), (4.4), (1.4) and the inequality 
(t! ) _1 (a) > (rfi) _1 (6) as, by definition rf. changes the orientations. .Eg.(4.6) 
also follows from (4.5b) for r = t1.m 

Proposition 4.4. Let 77i?72be the (canonical) product of the paths rjh '■ 
[0,1] —■» M,h = 1,2,771(1) = 772(0)(see Sect. 1). If an 5-transport defining the 
5-parallel transport <7? satisfies (4.4) for preserving the orientations r and (1.5), 
then 

V>vi = Vm ol Pm- ( 4 - 7 ) 

Proof. Putting 77(s) = 2s, s € [0,1/2] and r 2 (s) = 2s — 1, s € [1/2,1] and 
using sequentially (4.1), (1.2), (1.5) and (4.4), we get: 

— q 1 ? 1 — e 1 ?! 0 cm — qfo 1 

Vvi ~ a 0^1 ~ a l/2 a 0^1/2 — J l/2^1 

— C»72 OVl _ C»72 

> 1/2 ^ 1 / 2—*1 0 '- > 0 ‘- > t 2 

0 5// = 5^! o 5^ = o Vj)1 .■ 

In propositions 4.2,4.3 and 4.4 one essentially uses the acceptance for the 
validity of (4.4). This is not random as the equality (4.4) expresses the invari¬ 
ance (under certain conditions) under the changes of parameterization of an 
5-transport’s path, and all (parallel) transports (see Sect. 2) known to the au¬ 
thor and used in the mathematical and physical literature possess this property. 

From the above-said it is clear that under sufficiently general and "reason¬ 
able” conditions an 5-parallel transport satisfies all basic (functional) conditions 
characterizing the parallel transport when it is axiomatically described (see Sect. 
2.2). Namely, this is the reason for calling the map (4.1) an 5-parallel transport: 
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it is a ” parallel transport” acting in the tensor spaces over a differentiable man¬ 
ifold and it is generated by derivation of the tensor algebra over the manifold. 
More precisely, from the above results and definition 2.6, we derive 

Proposition 4.5. The S'-parallel transport generated by an S-transport 
along paths satisfying along them (1.5) and (1.6) is the axiomatically defined 
parallel transport. 

The next proposition expresses some properties of the S-parallel transports 
which are specific of them as ’’parallel transports” in tensor bundles. 

Proposition 4.6. Any S'-parallel transport ip v along a path 77 : [a, b] —> M 
possesses the properties: 

a) Linearity: if A', A" G R and T'and T" are tensors at 77(a), then: 

¥>„(A 'T' + A "T") = (A>„(T' + (A>„(T")| (4.8) 

b) Term by term action on tensor products: if A and B are arbitrary tensors 
at 77(a), then 

<Pr,(A® B) = (ipr,(A)) <B> (<Pr,(B))l (4.9) 

c) Commutativity with the contraction operator C: 

tp v o C — C o ip v = 0; (4-10) 

d) An identical action on scalars: if A G R, then 

<A?( A) = A. (4.11) 

Proof. Equalities (4.8) — (4.11) follow directly from definition 4.1 and, 
respectively, the properties (2.3) — (2.5) and (2.13) of [2] of the S-transports.B 

5. CONCLUSION 

The main result of this work is that the theory of transports along paths in 
fibre bundles is sufficiently general and includes as its special case the theory of 
parallel transports, and also, consequently, the connection theory. An essential 
role, as we saw, in comparing these theories was played by the additional con¬ 
dition (1.6). The transports along paths satisfying it depend in fact not on the 
path of transport 7 : J —> B but on the curve of transport, i.e. on the whole 
class of paths {7 o r} in which r is al : 1 map of R-intervals onto J. Because 
of the practical importance of (1.6), we shall consider it below in the most used 
case, the one of linear transports in vector bundles [3]. 

Let L be a linear transport in the vector bundle (B,7r, B)[3]. If r : J" —► J 
is 1:1 map, then eg.(1.6) reads 

LrZt = L\ s )^ T{ty s,t&J". (5.1) 

Let a field of bases in E be fixed along 7 : J —► B in which H : (s, t; 7) —> 
G J and T 7 (s) := ( dH(s,t;-y)/dt ) | t=s be, respectively, the matrix 
and the matrix of the coefficients of L[3]. Let D 7 be the generated by L derivation 
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along 7 and (I ? 7 ct)(s) =: V]a for aC 1 section a of (E, n, B)(see [3], eqs. (4.2) 
and (4.3)). 

Proposition 5.1. The condition (5.1) is equivalent to any of the following 
three equalities: 


H(t,s; 7°r) = ff(r(i),T(s);7),s,t G J", (5.2) 

r 7 or(s) = • r 7 (r(s)), s G J", (5.3) 

as 

D ° OT = ^r- V r(sy seJ". (5.4) 

Proof. The equivalence of (5.1) and (5.2) is a corollary of the definition of 
H{ and the linearity of L: see [3], Sect. 2). Eqs. (5.3) and (5.4) are equivalent 
because of the connection (4.7) or (4.14') from [3] between T 7 (s) and VJ. 

So, it remains to prove the equivalence between (5.2) and (5.3). 

Differentiating (5.2) with respect to s and using T 7 (s) :=:= ( dH(s,t;'y)/dt ) | t=s , 
we get (5.3). On the contrary, if (5.3) holds, then using the same equality, the 
representation U(t,s; 7) == F~ l (t\'y)F(s; 7) for some matrix function F( see 
[3], proposition 2.4) and dF~ 1 /ds = —F~ 1 (dF/ds)F~ 1 , we easily obtain: 


ds 


[H(T(t),T(s);j)H (t, s; 7 o t)] 


= 7) 


dr(s) 


L ds 


r 7 (r(s)) - r 7 o T (s) H 1 (M;7°t)=0. 


From this, due to H(s,s; 7) = I (see [3], eg.(2.12)) and (t = s o- r(t) = r(s)), 
we derive (5.2 ).b 

If B is a manifold, evident examples of linear transports along paths satis¬ 
fying (5.3), and hence (5.1), are the ones characterized by the coefficients given 
by [3], eg.(5.1) and, in particular, the parallel transports generated by linear 
connections. 

The definition of a parallel transport in principal or associated fibre bundles 
by the map 7 —> g 7 G G (see Subsect. 2.1) is widely used in the physical 
literature devoted to gauge theories [13,14,29 — 32,43 — 45]. In them, the 
parallel transport is given globally through an ordered (called also P—,T-, or 
chronological) exponent [14,40,45] along 7, i.e. 7 —» g 7 = Pexp J Aidx 1 , where 
Ai are the components of the connection form (or, in physical language, the 
gauge potentials). So, locally along a path 7 connecting the infinitesimally near 
points x and x + dx it is defined by the expansion g 1 \ x ,x+dx= I + Aidx 1 [11,43]. 

If 7 is a closed path (a contour) passing through x G _B(in the physical lit¬ 
erature such a path is called a loop), then the quantity W (7, x) :=Pexp Aidx l is 
called a Wilson loop [29 — 32] and in accordance with the above considerations 
it uniquely defines the parallel transport from 7r _1 (a:) onto n~ 1 (x), i.e. of the 
fibre over x onto itself. The importance of Wilson’s loops is in that their set 
{W{ 7, x) : 7 : [a, b] —> B, 7(a) = 7(6), x G 7([a, &])}, which is a nonabelian 
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group and is a representation of the group of loops, contain all the information 
for the considered gauge theory [13,29 — 32,43 — 45]. 
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Iliev B. Z. 


Transports along Paths in Fibre Bundles 

II. Ties with the Theory of Connections and Parallel Transports 


A review of the parallel transport (translation) in fibre bundles is presented. 
The connections between transports along paths and parallel transports in fibre 
bundles are examined. It is proved that the latter ones are special cases of the 
former. 


The investigation has been performed at the Laboratory of Theoretical 
Physics, JINR. 
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